Abstract. We present a set of uniform polynomial equations that provides multidimensional on-lattice higher-order models of the lattice Boltzmann theory, while keeping compact the number of discrete velocities. As examples, we explicitly derive two-and three-dimensional on-lattice models applicable to describing thermal compressible flows of the accuracy levels of the Navier-Stokes equations with smaller numbers of discrete velocities in comparison to the existing models. We demonstrate the accuracy and stability of the three-dimensional model by using the Riemann problem. on-lattice lower-order or off-lattice higher-order models. Therefore, a framework providing multidimensional on-lattice higher-order models has been demanded for the efficiency of higher-order models. Prior to looking at the previous works to obtain higher-order models, let us first define the accuracy order of a model by its velocity momenta, which give macroscopic physical properties such as
density, flow velocity, temperature, and heat flux etc., so that, if a model has mth-order accuracy, it gives the velocity momenta of the Maxwellian up to the mth-order. Yudistiawan et al. provided off-lattice models, including a 3D 27-velocity model, which needs the additional interpolation work and only has third-order accuracy or the level of the isothermal Navier-Stokes equations [12] . Chikatamarla and Karlin [13] developed a relation between entropy construction and roots of Hermite polynomials, and gave onlattice, 1D five-velocity models, which can be obtained by other ways, including [14] , also having thirdorder accuracy. The same authors extended their work to 3D space and obtained a 41-velocity model with equal accuracy [15] . They also gave 1D seven-and eleven-velocity models in the appendix of [15] ; however, they provided neither corresponding equilibrium distributions to increase actually the order of accuracy nor pruned models to reduce the number of discrete velocities while keeping their order of accuracy. Philippi et al. obtained on-lattice 2D models, including a 37-velocity model satisfying the fourth-order accuracy, the level of thermal compressible Navier-Stokes equations [16] . Their method is based on finding the inner product that preserves the norm and the orthogonality of the Hermite polynomial tensors in Hilbert space. Although they provide the on-lattice fourth-order accuracy model, their work is limited to 2D space, and their comment that the 37-velocity model is the minimal square lattice giving that accuracy is not correct; as a counterexample, we will present a 33-velocity model with equal accuracy. Surmas et al. [17] obtained 3D models based on the work of [16] , including the 3D 107-velocity model of fourth-order accuracy. Nie et al. and Shan respectively presented the 3D 121-and 103-velocity models of fourth-order accuracy by using a relation obtained from Gauss-Hermite quadrature which has off-lattice nature [18, 19] . However, we will present an analytical approach having on-lattice nature and give a 95-velocity model with equal accuracy, which is fewer in the number of discrete velocities. Rubinstein and Luo applied the group theory to obtaining on-lattice higher-order models but they provided models having accuracy up to the third-order level [20] .
Here, we present a set of polynomial equations in a single form, which is an extension of the univariate polynomial equation providing 1D higher-order on-lattice models in [21] , with a way of counting the number of equations for a given order of accuracy by the partition in number theory. This enables us to obtain systematically multidimensional on-lattice higher-order models for the purpose of increasing efficiency by reducing the number of discrete velocities while keeping accuracy. We explicitly derive 2D and 3D models having smaller numbers of discrete velocities than the previously known results and show the stability and accuracy of the 3D model by using the Riemann problem.
Fluid flows described by the lattice Boltzmann equation use the notion of fictitious particles moving their positions and changing their velocity distribution according to a simple rule
is the density distribution of particles having discrete velocities i V at position x at time t . The ( , ) eq i f t x is the equilibrium state of ( , ) i f t x and ω adjusts viscosity. For the continuous velocity space, whereas our goal is to obtain
discrete velocity space, the equilibrium state is the Maxwellian
where V is the particle velocity, ( We use the following constraints of velocity momenta to obtain ( , ) v ≡ ⋅ v v [22] .
Note that ρ , U , and T are imbedded in the coefficients of ( ) ( ) N P v . We do not confine the expansions to the Hermite because the Taylor expansion gives various results including the Hermite, according to the choice of infinitesimals [22] . When a Taylor expansion is used, advantage is observed in stability [21] . f , Formula (1) can be written by 
The left side of Formula (3) can be evaluated by ( )
where Γ is the Gaussian Gamma function expressed by the double factorial as 
To prove Formula (6), let us express
by using geometric series expansions, [23] . By using this and the proof of Formula (6), it is easy to obtain
By ( 
A solution satisfying Formula (5) up to max 2 n m = is a model of m th-order accuracy if m th-order eq HE f is used [21, 22] . For convenience, we give Table 1 f . In this case, the numbers of equations for two-and three-dimensional spaces are 9 and 11, respectively, as in Table 1 . To demonstrate the accuracy and stability of the models derived here, we show a shock tube simulation performed by the 3D 95-velocity model. The dimension of the nodes of the shock tube is We conclude this paper by noting that we can obtain the models with the levels of higher-order accuracy from the set of polynomial equations, Formula (5), expressed in a general form. The numbers of equations, discrete velocities, and unknown variables are given in Formulae (8), (9), and (10), for a given order of accuracy. As examples, explicit models of fourth-order accuracy are obtained and their numbers of discrete velocities are fewer in number than the previously known ones.
